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We select a class of entire functions f (z 1 , z 2 ) with the property ∀b = (b 1 , b 2 ) ∈ C 2 \ {0} ∀ z 
Introduction
Definition ( [1] ). An entire function of F (z), z ∈ C n , is called a function of bounded L-index in the direction of b, if there exists m 0 ∈ Z + such that for all m ∈ Z + and every z ∈ C n the next inequality is true
where
The least such integer m 0 is called an L-index in the direction b of F (z) and is denoted by
( [7] ). And in the case L(z) ≡ 1 we get the definition of bounded index with the index
Exploring properties of entire functions of bounded L-index in direction, we obtained the following assertion.
Theorem 1 ([1]
). An entire function F (z) is of bounded L-index in a direction b if and only if there exists a number M > 0 such that for all z 0 ∈ C n the function g z 0 (t) is of bounded
In view of Theorem 1, a natural question ( [2] ): is there an entire function
Below in this paper, we always assume that L(z) ≡ 1. We gave an affirmative answer ( [2] ) to the abovementioned question. There was proved that F (z 1 , z 2 ) = cos √ z 1 z 2 is of unbounded index in direction (1, 1). Recently, this result was generalized to the case of any each direction b ∈ C 2 \ {0} ( [3] ). Traditionally a solution of a problem leads to new problems. In our case there is an interesting further question.
Problem 1 ([4, Problem 17]).
What are conditions on zero sets and growth of entire functions providing boundedness of index F (z
We note that definitions and results from our papers in Ukrainian ([1]- [2] ) are included in a draft version of English monography ( [5] ).
2. Auxiliary propositions. To prove our main result, we need some theorems of other mathematicians. The following theorem was proved by M. M. Sheremeta ( [9] ) for entire functions of bounded l-index. It is a generalization and refinement of the similar result of W. K. Hayman ([6] ). We recall the proposition of Sheremeta for the bounded index.
Theorem 2 ([9]
). An entire function f (t) is of bounded index if and only if there exist p ∈ Z + , C > 0 and R > 0 such that for all t ∈ C, |t| ≥ R, the inequality
holds.
We need some notation. If for a given z 0 ∈ C n one has
By n r, z 0 , t 0 , 1/F = |a 0 k −t 0 |≤r 1 we denote the counting function of the zero sequence (a 0 k ). The following criterion is convenient for a proof boundedness of index in direction.
is of bounded index in a direction b if and only if: 1) for every r > 0 there exists
2) for every r > 0 there exists n(r) ∈ Z + that for every z 0 ∈ C n , satisfying F (z 0 + tb) ≡ 0, and for all t 0 ∈ C n r, z
3. Main theorem.
Theorem 4. Let f (t), t ∈ C, be an even entire transcendental function of bounded index. Then 1) for each direction b = (b 1 , b 2 ) ∈ C 2 \ {0} and for every fixed z
is an entire function of bounded index (t ∈ C); 2) if f (t) has no zeros or has a finite number of zeros, then f (
is an even entire function, the function f ( (z
) is entire as well. We prove that g(t) is of bounded index as a function of variable t.
Let g(t) = f ( (z
We calculate derivatives of this function
It is easy to check that for s ∈ N \ {1}
where Q s,k are polynomials with deg Q s,k ≤ s for all k ∈ {1, . . . , s − 1}. By Hayman's Theorem (Theorem 2) applied to the function f ( √ at 2 + dt + c) there exist p ∈ Z + , C > 0 and R > 0 that for all t ∈ C, | √ at 2 + dt + c| ≥ R, inequality (2) holds. A set {t ∈ C : | √ at 2 + dt + c| < R} is bounded. Then there exists R 1 > 0 such that for all t ∈ C, |t| ≥ R 1 , inequality (2) holds. But for these t the expressions
, . . . , p − 1}) are bounded by same constant M 1 > 0, because their limits as t → ∞ equal finite numbers. Thus and (6) imply that for t ∈ C, |t| ≥ R 1 ,
Using (6), we obtain the following equality for the s-th derivative of the function f (
Hence, there exist R 2 ≥ R 1 such that for |t| ≥ R 2 the expressions
Proceeding we reduce the order of the highest derivative of the function |f (
Therefore, by Theorem 2, g(t) is of bounded index.
2) Let f (t) have no zeros and be of bounded index. By Theorem 3, there exists P > 0 such that for all t ∈ C
. Then there exists a sequence t p → ∞ and
Let b 1 = 0. We take z 1 = 1, z 2 = t 2 p and calculate the limit in (12):
We take z 2 = 1, z 1 = t 2 p and again prove that the directional logarithmic derivative is unbounded. By Theorem 3 the function f ( √ z 1 z 2 ) is of unbounded index in the direction b.
If f (t) has a finite number of zeros then there exists R > 0 such that ∀t ∈ C, |t| ≥ R, we have f (t) = 0. Therefore we replace t ∈ C with |t| ≥ R and repeat other considerations of item 2) without changes.
3) Let (c l ) ∞ l=1 be an infinite sequence of zeros of f (t), |c 1 | < |c 2 | < . . . < |c k | < . . . and for every k ∈ N c 
The zeros of the function F (z 0 + tb) can be found from the equation
Consider its roots
A condition equivalent to |t l − t 0 | < r is
For positivity of the left hand side we assume r < . Hence we have 
The zeros of the function F (z 0 + tb) are found from the equation 
